Bypassing the Kochen-Specker theorem: an explicit non-contextual
  statistical model for the qutrit by Oaknin, David H.
ar
X
iv
:1
80
5.
04
93
5v
1 
 [q
ua
nt-
ph
]  
13
 M
ay
 20
18
Bypassing the Kochen-Specker theorem: an explicit non-contextual statistical model
for the qutrit
David H. Oaknin
Rafael Ltd, IL-31021 Haifa, Israel
e-mail: d1306av@gmail.com
We present an explicit non-contextual model of hidden variables for the qutrit. The model con-
sists of an infinite set of possible hidden configurations uniformly distributed over a sphere, each
one having a well-defined probability density to happen and a well-defined non-contextual binary
outcome, either +1 or −1, for every properly formulated test. The model reproduces the predic-
tions of quantum mechanics and, thus, it bypasses the constraints imposed by the Kochen-Specker
theorem and its subsequent reformulations. The crux of the model is the observation that all these
theorems crucially rely on an implicit assumption that is not actually required by fundamental
physical principles, namely, the existence of an absolute frame of reference with respect to which
the polarization properties of the qutrit as well as the orientation of the tests performed on it can
be defined. We notice, on the other hand, that pairs of compatible tests defined in such an hypo-
thetical absolute frame of reference that can be obtained from each other through a global rotation
that leaves the state of the qutrit unchanged would by physically undistinguishable and, hence,
equivalent under a gauge symmetry transformation. This spurious gauge degree of freedom must be
properly fixed in order to build the statistical model for the qutrit. In two previous papers we have
shown that the same implicit assumption is also required in order to prove both Bell’s theorem and
the Greenberger-Horne-Zeilinger theorem.
1. Quantum mechanics is widely regarded as the math-
ematical framework within which an hypothetical final
theory of Nature’s basic building blocks and their in-
teractions should be formulated. This idea is strongly
rooted on the fact that quantum phenomena cannot be
described within the framework of any underlying local
and realistic model of hidden variables that shares cer-
tain intuitive features, as firmly stated by Bell’s theo-
rem [1], the Greenberger-Horne-Zeilinger[2] theorem, the
Kochen-Specker [3] theorem and their subsequent varia-
tions and reformulations [4–10].
Indeed, quantum mechanics has been successfully ap-
plied to describe an extremely wide range of phenomena
in particle physics, cosmology, astrophysics, condensed
matter physics, nuclear physics, atomic and molecular
physics and optics. The only remarkable exception in this
highly successful programme is Einstein’s general relativ-
ity theory of gravitation, for which there does not exist
yet even an experimentally testable quantum mechanical
version in spite of the great efforts invested during the
last fifty years [11, 12].
On the other hand, the fundamental questions about
the interpretation and completeness of the quantum for-
malism and the role played by measurements raised more
than eighty years ago by Einstein, Podolsky and Rosen
through their renowned EPR paradox [13] still remain
open. The lack of a clear answer to these fundamental
questions points necessarily to a lack of a complete under-
standing of all the assumptions actually involved, either
explicitly or implicitly, in the proof of the renowned the-
orems mentioned above that state the impossibility to
describe quantum phenomena within the framework of
an underlying model.
In fact, in two recent papers [14, 15] we have shown
that both Bell’s theorem [1] and the Greenberger-Horne-
Zeilinger theorem [2], as well as their reformulations and
variations, crucially rely on an implicit assumption that
had gone unnoticed till now. Interestingly, this implicit
assumption is related to the symmetries of spacetime.
Namely, these theorems rely on the assummtion that
there exists an absolute angular frame of reference with
respect to which the hypothetical hidden configurations
of the entangled quantum states as well as the orienta-
tion of the measurement apparatus that test them can
be described. This implicit assumption is not required
by fundamental physical principles. Indeed, it is in dis-
sonance with the fundamental principle of relativity from
which the very notion of locality emerges. Moreover, this
implicit assumption does not necessarily hold when the
rotational gauge symetry is spontaneously broken. We
showed in [14, 15] that once this unnecessary implicit
assumption is dropped it is straightforward to build ex-
plicit statistical local models of hidden variables for Bell’s
and GHZ polarization states, which reproduce the pre-
dictions of quantum mechanics. In this paper we focus
on the Kochen-Specker theorem and its subsequent re-
formulations [3, 7] and show that they also rely on the
same unnecessary implicit assumption. We follow the
gained insight to build an explicit non-contextual model
of hidden variables for the qutrit.
The paper is organized as follows. In section 2 we re-
view the Kochen-Specker theorem and its subsequent re-
formulations. We focus on the Klyachko-Can-Biniciglu-
Shumovsky (KCBS) inequality [7], which is the simplest
statement of the impossibility to reproduce the predic-
tions of quantum mechanics for the qutrit within the
2framework of non-contextual models of hidden variables
that share certain features. In section 3 we discuss how
the implicit assumption mentioned above appears in the
proof of these theorems and in section 4 we build an ex-
plicit non-contextual model of hidden variables for which
this assumption does not hold and that reproduces the
predictions of quantum mechanics for the qutrit. In sec-
tion 5 we summarize our conclusions.
2. The Kochen-Specker (KS) theorem [3] is one of the
pillars upon which relies the widely accepted claim about
the impossiblity to accomodate the Einstein-Podolsky-
Rosen notion of physical realism within the framework
of quantum mechanics. The theorem establishes a log-
ical contradiction between the predictions of quantum
mechanics and those of generic non-contextual models of
hidden variables that share certain apparently trivial in-
tuitive features. Namely, the Kochen-Specker theorem
establishes the impossibility to assign values, either +1
or −1, to some family of binary tests {T1, T2, ..., Tm} in
a way consistent with the predictions of quantum me-
chanics for whatever state in a Hilbert space of linear
dimension larger than two.
Subsequent reformulations of the theorem reach simi-
lar conclusions with the help of reduced families of bi-
nary tests by making their scope more specific, while
keeping the essential assumptions of the original for-
mulation. The simplest of these reformulations is the
Klyachko-Can-Binicioglu-Shumovsky (KCBS) theorem
for the qutrit [7], which leads to an inequality that holds
for any generic non-contextual model of hidden variables
but it is violated by quantum mechanics. The inequality
is obtained as follows:
For any quantum state of the qutrit, which we denote
without any loss of generality as
|Ψ〉 = (0, 0, 1)t , (1)
there seem to exist a set of five binary tests {Ti}i=1,2,3,4,5,
defined as Ti = 1− 2Ji, for Ji = |χi〉〈χi| and
|χ1〉 = 1√
1+cos(ζ)
( 1, 0,
√
cos (ζ) )
t
,
|χ2〉 = 1√
1+cos(ζ)
( cos (4ζ) , sin (4ζ) ,
√
cos (ζ) )t ,
|χ3〉 = 1√
1+cos(ζ)
( cos (2ζ) , − sin (2ζ) ,
√
cos (ζ) )
t
,
|χ4〉 = 1√
1+cos(ζ)
( cos (2ζ) , sin (2ζ) ,
√
cos (ζ) )
t
,
|χ5〉 = 1√
1+cos(ζ)
( cos (4ζ) , − sin (4ζ) ,
√
cos (ζ) )
t
,
with ζ = pi/5, such that
5∑
i=1
〈Ti〉 =
5∑
i=1
〈Ψ|Ti|Ψ〉 = 5− 2
5∑
i=1
|〈χi|Ψ〉|2 = (2)
= 5×
(
1− 2 cos(ζ)
1 + cos(ζ)
)
= 5× 1− cos(ζ)
1 + cos(ζ)
= 0.52786 < 1.
Furthermore, it is straightforward to show that
〈χi|χi+1〉 = 0, for i = 1, 2, 3, 4, 5 (where the addition
i + 1 is understood as (i + 1)mod 5, so that 5 + 1 ≡ 1)
and, hence, Ji · Ji+1 = Ji+1 · Ji = 0. Therefore,
Ti · Ti+1 = Ti+1 · Ti = 1 − 2(Ji + Ji+1), which implies
that [Ti, Ti+1] = 0. That is, any two such tests can be
performed on the system without any of them affecting
the outcome of the other and, therefore, they define a
context. Moreover, for none of these contexts there exists
a common eigenstate which would produce two negative
outcomes: at least, one of the two compatible tests must
produce a positive outcome.
Hence, any non-contextual statistical model in which
each possible hidden configurations λ ∈ S is assigned a
binary 5-tuple {ti(λ)}i=1,2,3,4,5 ∈ {−1,+1}5 to describe
the outcomes that would be obtained for each one of the
five tests must fulfill
5∑
i=1
ti(λ) ≥ 1, (3)
if it is constrained by the requirement that
ti(λ) = −1⇒ ((ti+1(λ) = +1) ∧ (ti−1(λ) = +1)), (4)
for i = 1, 2, 3, 4, 5 and, therefore, it cannot reproduce the
prediction of quantum mechanics for the qutrit (2).
3. The main claim of this paper is that the Kochen-
Specker theorem and all its different variations and re-
formulations implicitly rely on a crucial assumption that
is not required by fundamental physical principles. It is
the same implicit assumption that, as we showed in two
previous papers, is also required to prove Bell’s theorem
[14], the Greenberger-Horne-Zeilinger theorem [15] and
their subsequent variations and reformulations. Namely,
all these theorems implicitly rely on the assumption that
there exists an absolute frame of reference with respect
to which the polarization properties of the quantum sys-
tems, as well as the orientation of the tests chosen to
probe them, can be defined.
In particular, such an absolute frame of reference is
needed in order to define the five contexts {Ti, Ti+1} , i =
1, 2, 3, 4, 5 considered in the above proof of the KCBS in-
equality, since they are related to each other by a rotation
around the preferred axis defined by the quantum state
(1), so that
p[Ti=−1,Ti+1=+1] = |〈χi|Ψ〉|2 = cos(ζ)1+cos(ζ) ,
p[Ti=+1,Ti+1=−1] = |〈χi+1|Ψ〉|2 = cos(ζ)1+cos(ζ) ,
p[Ti=+1,Ti+1=+1] =
1−cos(ζ)
1+cos(ζ) ,
p[Ti=−1,Ti+1=−1] = 0,
(5)
and, hence, the five contexts would be physically indis-
tinguishable otherwise.
3In the absence of such implicitly assummed absolute
frame of reference the five contexts should be considered
as equivalent under a gauge symmetry transformation
and, hence, it would not be necessary to assign binary
values to all the five involved tests. In order to build a
statistical model of hidden configurations for the qutrit
we should first fix the spurious gauge degree of freedom.
As we shall now show such model can bypass the
constraint imposed by the Kochen-Specker theorem and
reproduce the predictions of quantum mechanics, while
still satisfying the requirement of non-contextuality.
4. In this section we follow these instructions to build
an explicit non-contextual model of hidden variables for
the qutrit that reproduces the predictions of quantum
mechanics.
Without any loss of generality we set the quantum
state of the qutrit to be aligned with the Z axis of the lo-
cal observer’s frame of reference (1), and take advantage
of the mentioned gauge symmetry to set the first binary
test T1 ≡ 1− 2|χ1〉〈χ1| to lie within the XZ plane,
|χ1〉 ≡ (sin ζ, 0, cos ζ)t, ζ ∈ [0, pi/2], (6)
so that its two possible outcomes happen with probabil-
ities
p[T1=−1] = |〈χ1|Ψ〉|2 = cos2(ζ),
p[T1=+1] = 1− |〈χ1|Ψ〉|2 = sin2(ζ),
(7)
Any other binary test T2 ≡ 1 − 2|χ2〉〈χ2| can then be
parameterized as
|χ2〉 ≡ (eiµ · sin θ · cosω, eiρ · sin θ · sinω, cos θ)t, (8)
with
θ ∈ [pi/2, pi), ω ∈ [0, pi/2], µ, ρ ∈ [0, 2pi]. (9)
The two tests T1 and T2 define a context if and only if
〈χ1|χ2〉 = 0, that is,
eiµ · sin θ · cosω · sin ζ + cos θ · cos ζ = 0 (10)
and, hence,
eiµ · tan θ · cosω · tan ζ = −1. (11)
This condition requires
µ = 0, tan θ · cosω = − tan(pi2 − ζ), (12)
and, hence, can only be fulfilled for
θ ∈
[pi
2
,
pi
2
+ ζ
]
. (13)
For each value of θ in this interval there exists one and
only one value
cosω = − 1
tan ζ · tan θ (14)
that solves the orthogonality constraint (10). Therefore,
|χ2〉 ≡ − cos θ
tan ζ
(1, eiρ ·
√
tan2 ζ · tan2 θ − 1, − tan ζ)t.
(15)
The probabilities for the three possible outcomes for
the two compatible tests T1 = 1 − 2|χ1〉〈χ1|, T2 = 1 −
2|χ2〉〈χ2| are given by:
p[T1=−1,T2=+1] = |〈χ1|Ψ〉|2 = cos2(ζ) = 1+cos(2ζ)2 ,
p[T1=+1,T2=−1] = |〈χ2|Ψ〉|2 = cos2(θ) = 1+cos(2θ)2 ,
p[T1=+1,T2=+1] = − cos(2ζ)+cos(2θ)2 ,
while from (6) and (13) we have
2ζ ∈ [0, pi] , 2θ − pi ∈ [0, 2ζ] . (16)
These probabilities can be reproduced within the frame-
work of the following non-contextual statistical model.
We consider an infinite set of equally probable hidden
configurations uniformly distributed over a unit sphere,
which we parameterize using polar coordinates (Ω, χ) ∈
[0, pi]× [0, 2pi) defined with respect to the preferred axis
defined by the state of the qutrit. Hence, the normalized
number density distribution of states is given by
g(Ω, χ) =
1
4pi
sin(Ω). (17)
Now we define the response function for each one of the
tests in a manifestly non-contextual way as:
S[T1](Ω, χ) = −1 ⇐⇒ Ω ∈ (2ζ, pi] ,
S[T1](Ω, χ) = +1 ⇐⇒ Ω ∈ (0, 2ζ] ,
S[T2](Ω, χ) = −1 ⇐⇒ Ω ∈ (0, 2θ − pi] ,
S[T2](Ω, χ) = +1 ⇐⇒ Ω ∈ (2θ − pi, pi] ,
so that
4p[T1=−1] =
∫ 2pi
0
dχ· ∫ pi
2ζ
dΩ g(Ω, χ),
p[T1=+1] =
∫ 2pi
0 dχ·
∫ 2ζ
0 dΩ g(Ω, χ),
p[T2=−1] =
∫ 2pi
0 dχ·
∫ 2θ−pi
0 dΩ g(Ω, χ),
p[T2=+1] =
∫ 2pi
0 dχ·
∫ pi
2θ−pi dΩ g(Ω, χ),
and
p[T1=−1,T2=+1] =
1
2
∫ pi
2ζ
dΩ sin(Ω) = 1+cos(2ζ)2 ,
p[T1=+1,T2=−1] =
1
2
∫ 2θ−pi
0 dΩ sin(Ω) =
1+cos(2θ)
2 ,
p[T1=+1,T2=+1] =
1
2
∫ 2ζ
2θ−pi
dΩ sin(Ω) = − cos(2ζ)+cos(2θ)2 ,
p[T1=−1,T2=−1] = 0,
which reproduces the predictions of quantum mechanics.
5. The Kochen-Specker theorem states that non-
contextual statistical models of hidden variables cannot
reproduce the predictions of quantum mechanics for sys-
tems whose Hilbert space of states has linear dimension
larger than d = 2 [3], since there always exists a family of
binary tests that cannot be assigned specific values, ei-
ther +1 or −1, consistent with the quantum predictions
without incurring in logical inconsistencies. The simplest
quantum system for which the Kochen-Specker theorem
applies is the qutrit, d = 3, and the simplest version of
the above mentioned logical inconsistency is the KCBS
inequality [7].
In this paper we have shown, however, that the
Kochen-Specker theorem and the KCBS inequality rely
crucially on an implicit assumption that is not required
by fundamental physical principles, namely, the existence
of an absolute angular frame of reference with respect to
which the state of the qutrit as well as the orientation of
the two compatible binary tests chosen to probe it can
be defined. The global orientation of the qutrit in such
an absolute reference frame is clearly a spurious gauge
degree of freedom, which can be fixed by setting it to lie
along the Z-axis of the local observer’s frame of reference.
Moreover, a global rotation of the two compatible tests
used to probe the system around the Z-axis is also an
unphysical gauge degree of freedom. Once this spurious
gauge degree of freedom is fixed it is trivial to build an
explicit non-contextual statistical model that reproduces
the predictions of quantum mechanics for the qutrit.
The conclusions obtained in this paper about the possi-
bility to bypass the constraints imposed by the Kochen-
Specker theorem complete and develop similar conclu-
sions previously reported in [14] and [15] about Bell’s
theorem and the Greenberger-Horne-Zeilinger theorem.
Our conclusions suggest that quantum mechanics may
be an emergent framework that effectively describes an
underlying reality obeying still undiscovered principles.
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